Let G be a nite algebraic group, de ned over an algebraically closed eld k of characteristic p > 0. Such a group decomposes into a semidirect product G = G 0 G red with a constant group G red and a normal in nitesimal subgroup G 0 . If the principal block B 0 (G) of the group algebra H(G) has nite representation type, then both constituents have the same property, with at least one of them being semisimple. We determine the structure of the in nitesimal constituent G 0 up to the classi cation of V-uniserial groups.
Introduction
This paper is concerned with the representation theory of nite-dimensional cocommutative Hopf algebras over algebraically closed elds of positive characteristic. As is well-known, such an algebra can be viewed as the group algebra of a nite algebraic k-group G. Special cases are the Hopf algebras associated to constant groups, i.e., the modular group algebras, as well as those of the in nitesimal groups of height 1, that is, restricted enveloping algebras of restricted Lie algebras. The representation theory of both of these classes has received considerable attention. In either case one has fairly detailed information on the structure of the representation-nite and tame Hopf algebras (cf. 6, 8, 10, 15, 23, 25, 31] ). Our ultimate goal will be the extension of these results to arbitrary cocommutative Hopf algebras.
The main results of this paper, Theorems 3.6 and 4.1, provide a reduction to the classication of the so-called V-uniserial unipotent groups. The solution to this problem involves di erent techniques and is therefore relegated to a separate paper. Our classi cation proceeds progressively, starting with in nitesimal groups of height 1. Here the main tool are the rank varieties of modules, that were introduced by Carlson 4] for nite groups and for in nitesimal groups of height 1. However, even in the context of in nitesimal groups, these varieties still provide enough information to narrow down the list of representation-nite cocommutative Hopf algebras.
Following a few technical preparations, we determine in section 2 the representationnite blocks of reduced enveloping algebras. This class of Frobenius algebras, which plays an important rôle in the representation theory of restricted Lie algebras, encompasses the Hopf algebras of in nitesimal groups of height 1. From our result, Theorem 2.2, one obtains the classi cation of restricted Lie algebras of nite representation type, which turns out to be crucial for the general classi cation. Theorem 3.6 provides the structure of those in nitesimal groups, whose principal blocks are representation-nite. In x4 we address the general case by considering representations of nite algebraic groups. These are semidirect products of a constant and an in nitesimal part, allowing us to view the Hopf algebra as a skew group algebra over its in nitesimal component. It is shown that such a Hopf algebra is representation-nite if and only if both constituents have this property, with at least one of them being semisimple.
In retrospect it appears that the subject can be approached from two di erent points of view. The announcements 23, 31] delineate geometric methods that have led to precursors of our results. Homological techniques have proven to be more e ective for the purposes of this paper, while geometric arguments will be an indispensible tool in our future work.
This paper was written during the rst author's visit to the Sonderforschungsbereich at the University of Bielefeld. He gratefully acknowledges the hospitality and support he has received.
Preliminaries
Throughout we will be working over an algebraically closed eld k of positive characteristic p > 0. Given a nite-dimensional Hopf algebra H, we let P(H) be the restricted Lie algebra of its primitive elements. According to 21, (6.11)] the subalgebra of H that is generated by P(H) is a sub-Hopf algebra, which is isomorphic to u(P(H)), the restricted enveloping algebra of P(H).
In the sequel all H-modules are assumed to be nite-dimensional left H-modules. For an H-module M and a subalgebra H, we will occasionally denote by Mj the restriction of M to .
De nition. Let M be an H-module. Then V H (M) := fx 2 P(H) ; x p = 0 and Mj hxi is not freeg f0g:
is called the rank variety of M.
Note that V H (M) = V u(P(H)) (Mj u(P(H)) ) is the rank variety of the restricted P(H)-module Mj u(P(H)) .
Let be an associative k-algebra, M a -module with minimal projective resolution (P n ) n 0 . Then c (M) := minfc 2 IN 0 f1g ; 9 > 0 : dim k P n n c?1 8 n 1g
is called the complexity of M. We say that M is periodic, if there exists`> 0 such that P n+` = P n for n 1. Thus, every projective module is periodic. Remark. According to 8, (3.2)] the converse of (1) holds in case H = u(L) is the restricted enveloping algebra of a restricted Lie algebra (L; p]). The following example illustrates that this equivalence already fails for in nitesimal algebraic groups of height 2. Consider the k-group scheme p 2 k := Spec k (k T]=(T p 2 )), where (T ) = T 1 + 1 T. The Hopf algebra H( p 2 k ) = (k T]=(T p 2 )) is isomorphic to k X; Y ]=(X p ; Y p ). If x and y denote the residue classes of X and Y , respectively, then we have P(H( p 2 k )) = kx = V H( p 2 k ) (k). Thus, dim V H( p 2 k ) (k) = 1, while the local algebra H( p 2 k ) is wild for p > 3, and tame for p = 2.
Note that c H( p 2 k ) (k) = 2.
It follows directly from the above that V H (M) = f0g whenever M is a projective Hmodule. For enveloping algebras of restricted Lie algebras, the converse also holds (cf. 12, (3.2)] and 11, (1.4)]). While Nagata's theorem for in nitesimal groups 5, IV.x3(3.6)] implies that k is projective whenever V H(G) (k) = f0g, the rank variety does not provide enough information for arbitrary modules. The reduced enveloping algebra u(L; ) is a nite-dimensional Frobenius algebra, which is usually not even an augmented algebra. If = 0, then u(L) := u(L; 0) is the restricted enveloping algebra of L. We refer the reader to 29] for basic properties of reduced enveloping algebras. In this section we will determine the basic algebras of the representation-nite blocks of u(L; ). We begin by considering the following basic algebras. Proof. The rst statement follows directly from the de nition. Let fe 1 ; : : : ; e m g be a complete set of orthogonal primitive idempotents, i.e., the paths of length zero. The principal indecomposable module P i := (m; n)e i is spanned by the images of the paths originating in the vertex i. Any such path terminating in j is of the form p = x j?1 x j?2 x i y t i . Since y n i = 0, it follows from the natural Z Z-grading of (m; n) that dim F P i = mn. 2 Note that for m = 1 there is an isomorphism (1; n) = k X]=(X n ). Proof. According to 8, (3.
2)], we have m 2 f1; pg with m = 1 if B is symmetric. It was also shown in 8, (3.2)] that`=`(P i ) = mn, for some n 2 IN. Let P 0 ; : : : ; P m?1 be a set of representatives for the principal indecomposable B-modules, and put S i := Top(P i ).
Consider the projective generator P := P 0 P 1 P m?1 . Then B and End B (P ) op are Morita equivalent. Let J and J be the Jacobson radicals of End B (P ) and u(L; ), respectively. According to 8, (3.2)] there are isomorphisms J t P i =J t+1 P i = S i+t 0 t `? 1: Here and in the sequel the indices are to be interpreted mod (m). There thus exists, for every i 2 f0; : : : ; m ? 1g, a u(L; )-linear map i;i+1 : P i+1 ?! P i such that im i;i+1 = JP i .
We de ne u(L; )-linear maps i ; i : P ?! P ; i j P j = j;i+1 i;i+1 ; i j P j = i;j id P i 0 i; j m ? 1: We begin by showing that End B (P ) is equal to alg k (f 0 ; : : : ; m?1 ; 0 ; : : : ; m?1 g), the algebra generated by f 0 ; : : : ; m?1 ; 0 ; : : : ; m?1 g.
Since P is projective, the exact sequence (1) u(L) has nite representation type.
(2) There exists a toral element t 2 L and a p-nilpotent element x 2 L such that
Remark. Consider L = s`(2). If p 3 and 6 = 0, then u(L; ) has nite representation type and every block is Morita equivalent to (1; 1) or (1; 2) (cf. 13, (2.2),(2.3)]).
Let : ?! k be a homomorphism of associative k-algebras. We will denote by k the one-dimensional -module on which acts via . If = " is the counit of the Hopf algebra , then we write k := k " . 
Proof. Since L is supersolvable, it follows from 30, (2. Alternatively, the block B is basic, and the Loewy length of B coincides with the dimension of a principal indecomposable B-module. By (2.3) there exists a toral element t 2 L such that L = kt + N(L). According to 9, (2.2)] B possesses p dim k kt simple modules, and the principal indecomposable B-module corresponding to the simple B-module k is given 
In nitesimal Groups of Finite Module Type
If H = k G] is the group algebra of a nite group, then V H (k) = f0g, and the rank variety provides no information. The following result, which is crucial to our classi cation of representation-nite cocommutative Hopf algebras, illustrates the utility of rank varieties for in nitesimal k-groups. We refer the reader to 5] concerning the terminology. Contrary to the notation used there, we will suppress the tilde for images and quotients in the category of nite algebraic groups. In addition, given a nite algebraic group G, we will write g 2 G instead of g 2 G(R) for a commutative k-algebra R. Proposition 3.1 Let 
Proof. We use induction on the height h := h(G). If h 1, then H(G) = u(P(H(G))), and the assertion follows from (2. 
It thus follows from the inductive hypothesis that H is supersolvable.
We conclude the proof by showing that G 1 admits a G-composition series with onedimensional factors. Let L := P(H(G)). Since 
Alternatively, L 0 is abelian, and the p-powers of x de ne an appropriate G-composition series for L 0 = (kx) p .
We may now complete the proof by combining the series for G=G 1 and G 1 . 2 Given a nite algebraic group G, we will denote the principal block of H(G) by B 0 (G). Corollary 3.2 Let G be an in nitesimal k-group such that B 0 (G) has nite representation type. Then G is supersolvable. Proof. According to (1.2) we have dim V H(G) (k) 1, so that (3.1) yields the assertion. 2
In order to obtain more de nite information on the structure of representation-nite algebraic groups we require a few subsidiary results on supersolvable groups and their blocks. We will denote by M(G) the largest multiplicative normal subgroup of G. Note that M(G) is contained in the center Z(G). Proposition 3.3 Let G be an in nitesimal algebraic k-group. Then the following statements are equivalent:
(1) G is supersolvable (2) G=M(G) = U M is the semidirect product of a multiplicative group M, and a unipotent normal subgroup U. Proof. (1) ) (2) . Without loss of generality we may assume that M(G) = e k . Since G is Now let H G be a unipotent subgroup. By the above, the group % i (H) AUT (G i =G i+1 ) is either constant or multiplicative. Since H is in nitesimal, we obtain % i (H) = e k in the rst case, while in the second case H being unipotent yields the same conclusion. It follows that H F(G); so that F(G) is the unique largest unipotent subgroup of G. Consequently, G=F(G) contains no unipotent subgroups, and Nagata's Theorem implies that this factor group is multiplicative. We may now apply 5, (IV.x2 (3.3))] to obtain the desired result.
(2) ) (1) . Since M(G) is invariant, it su ces to show that G=M(G) is supersolvable.
This follows directly from the given structure. 2
We continue by de ning a class in nitesimal groups that will play an important rôle in the classi cation of representation-nite cocommutative Hopf algebras. Given an in nitesimal group G, we denote by V G : G ( (1) H(G) has nite representation type.
(2) G is V-uniserial. Proof. (1) ) (2) . Since G is unipotent, it follows from Cartier duality 5, (IV.x3(5.8))] that the algebra H(G) = O(D(G)) is local. Since H(G) has nite representation type, the tangent space of D(G) has dimension 1 and H(G) is commutative. We obtain an exact sequence
; where F denotes the Frobenius homomorphism. In view of 5, IV.x3(4.9)] dualizing this sequence shows that G is V-uniserial.
(2) ) (1) . This follows by using the above arguments in reverse order. 2 Let G be a nite algebraic k-group. Recall that G is called trigonalizable if every simple H(G)-module has dimension 1. The following result generalizes 7, (4.4),(4.5)] to groups of arbitrary height. Proposition 3.5 Let G be a supersolvable, in nitesimal k-group.
(1) If G is trigonalizable, then H(G) possesses dim k H(M(G)) blocks, each of which has dimension dim k H(G=M(G)).
(2) The canonical projection induces an isomorphism B 0 (G) = H(G=M(G)). Proof. (1) . Since H(G) is trigonalizable, the group G decomposes into a semidirect product G = U M; where M M(G) is multiplicative, and U is a unipotent normal subgroup of G (cf. 5, (IV.x2(3.5) Remark. Let G be trigonalizable, B H(G) a block belonging to the simple module k . It readily follows from the proof of (3.5) that the functor M 7 ! M k k induces a Morita equivalence B B 0 (G). Since both blocks are basic, they are isomorphic (cf. 6, (I.2.6)]).
H(G) = H(U)#H(M) induces an isomorphism H(G) = H(U) k H(M) of (H(U); H(M))-bimodules. In particular, P( )j H(U) = H(U), so that P( ) is

Consequently, every block of H(G) is isomorphic to H(G=M(G)).
Let be a Frobenius algebra with Nakayama automorphism : ?! . Given a minimal projective resolution (P n ; @ n ) n 0 of a -module M, we de ne n (M) := ker @ n?1 for n 1 2 (M) has this property. We will require this fact in the proof of the following result.
Recall that is a Nakayama algebra if and only if each principal indecomposablemodule is uniserial. We have seen in x2 that the representation-nite blocks of reduced enveloping algebras are Nakayama algebras.
In the following result, we will view G as a subgroup of the group scheme H(G) of units of H(G) (cf. 5, (II.x1 (2.3) Proof. (1) ) (2) . Let G 0 := G=M(G). Since B 0 (G) has nite representation type, we may apply (3.2) and (3.5) consecutively to see that H(G 0 ) has the same property. As M(G 0 ) = e k Since H(U) is local, its Jacobson radical J coincides with its augmentation ideal H(U) y .
In particular, each of its powers is stable under M. Assume that H(U) has in nite representation type. Then dim k J=J 2 2 and we obtain a decomposition J=J 2 = W V of J=J 2 into M-stable subspaces such that dim k W = 2. Since Q := V + J 2 is an M-stable ideal of H(U), the operation of M on H(U) factors through to the algebra A := H(U)=Q. on which A operates via x e i = f i ; y e i = f i+1 ; x f j = 0 = y f j 1 i n; 1 j n + 1:
Then M n+1 is an indecomposable, M-stable, and thus G 0 -stable H(U)-module. Consequently, H(U) has nite representation type, and (3.4) shows that U is V-uniserial. (2) ) (3) . By assumption, the algebra H(U) = k X]=(X p n ) is a Nakayama algebra. We have seen in the proof of (3.5) that P( ) := H(G 0 ) H(M) k is the projective cover of the simple H(G 0 )-module k . By the same token, P( )j H(U) = H(U) is a uniserial H(U)-module.
Since the powers of H(U) y are G 0 -invariant, it follows that every H(U)-submodule of P( ) is a H(G 0 )-submodule. Consequently, P( ) is a uniserial H(G 0 )-module. As every simple H(G 0 )-module is one-dimensional, it follows that H(G 0 ) is a Nakayama algebra.
We continue by showing that any block B(G) H(G) containing a one-dimensional module is a Nakayama algebra. According to 30, (2.37)] every simple B(G) module is of the form k for some algebra homomorphism : H(G) ?! k. Let Also note that since the modules belong to the same block, the central algebra H(M(G))-operates via the same morphism, i.e., j H(M(G)) = j H(M(G)) . Hence ? factors through to a morphism H(G 0 ) ?! k, which we will also denote by ? .
Let k be a simple B(G)-module. Then we have, observing 17, Thm.9],
Here the sum extends over those for which k is a simple B(G)-module. Another application of 17, Thm.9] now shows that B(G) is a Nakayama algebra. Now let B(S) H(G) be an arbitrary block, belonging to the simple module S. Without loss of generality we may assume S to be non-projective. According to 30, (2.37)] every other simple B(S)-module T is of the form T = S k k . Since the block corresponding to k is a Nakayama algebra, our introductory remarks in conjunction with 1, (IV.
Since S k k is simple and not projective, we obtain that 2 (T ) = S k k is simple, and we may apply 1, (IV.2.10)] to see that B is a Nakayama algebra. (3) ) (1) . This follows directly from 1, (VI.2.1)]. 2 
Representation-Finite Groups of Dimension Zero
In this section we conclude the reduction by studying the structure of cocommutative Hopf algebras of nite representation type. As before we assume the scheme theoretic point of view and consider H = H(G), where G = Spec k (A) is a nite algebraic k-group. It is well-known (cf. 5, (II.x5(2.4))]) that such a group decomposes into a semidirect product G = G 0 G red ; where G red is a constant group, and G 0 is an in nitesimal, normal subgroup. Consequently,
is a skew group algebra. Proof. (1) ) (2) . (a). Let N G be a normal subgroup, and consider the canonical projection : H(G) ?! H(G=N ). Since the image of B 0 (G) is a two-sided ideal of H(G=N ) that does not annihilate the trivial module, it follows that B 0 (G=N ) is a direct summand of (B 0 (G)). In particular, B 0 (G=N ) has nite representation type. By setting N := G 0 , we obtain that B 0 (G red ) has nite representation type, and 2, (6.3.5)] implies that the defect group of B 0 (G red ) is cyclic. Since this group is a Sylowp-subgroup of G red , we may apply Higman's Theorem 15, Thm.4] to see that H(G red ) is representation-nite.
We next prove that H(G 0 ) has nite representation type. Since B 0 (G) enjoys this property,
Thanks to (3.1) the group G 0 is supersolvable. We put H := G=M(G 0 ) and apply (3.3) to obtain a decomposition H 0 = U M, with a unipotent normal subgroup U, and a multiplicative subgroup M. By the above observation B 0 (H) has nite representation type. We propose to show by induction on the composition length`(U) of U that U is V-uniserial.
The case`(U) 1 is trivial.
Let`(U) > 1. Since V H( F U) (k) has dimension 1, (2.3) implies that the composition factors of F U are characteristic. Hence the socle S = p k of F U is a normal subgroup of H that coincides with the socle of U. Since B 0 (H=S) has nite representation type, the inductive hypothesis implies that U=S is V-uniserial.
According to 5, (IV.x4(1.8))] the group U has a non-trivial center, which necessarily contains S. SinceŨ The groups involved are all isomorphic to p k , and direct computation implies the existence of 2 k with 1 (x; y) = xy 8 x; y 2 p k : Since 1 is alternating, it follows that = 0. As a result, the group U is commutative.
In order to show that U is V-uniserial, we put W := cokerV U and consider the commu- On the other hand B 0 (H=V U (U (p) )) has nite representation type, whence
Thus, s = 1 = r 1 , and U is V-uniserial.
We may now apply (3.6) to see that H(G 0 ) has nite representation type. 
Representation-Finite Stabilizers
In this nal section we illustrate how Theorem 2.3 is related to recent work by A. Premet 27] . In order to avoid case-by-case considerations, we assume throughout that p > 5.
Let G be a reductive group of semisimple rank r, with Lie algebra L. The almost simple constituents of the derived group (G; G) will be denoted G 1 ; : : : ; G s . Then there exists a torus
It follows that a p-nilpotent element e 2 L is contained in L s i=1 Lie (G i 
We put L i := Lie(G i ) 1 i s and write e = P s i=1 e i , with e i 2 L i . Then
so that V u(C L (e)) (k) = Q s i=1 V u(C L i (e i )) (k). As u(C L (e)) is representation-nite, the support variety of k has dimension 1. Thus, without loss of generality, we have dimV u(C L i (e i )) (k) i1 1 i s: Consequently, C L i (e i ) is a torus for i 2. In view of (1) we conclude that s 1. If s = 0, then L is a torus and e = 0. We therefore assume that s = 1.
Since dim V u(C V (e)) (k) = 1, (2.3) provides a p-nilpotent element x such that C V (e) = (2) ) (1) . This follows directly from the above Morita equivalence. 2
